The effect of an imperfect interface on the stress singularity of anisotropic bimaterial wedges subjected to traction free boundary conditions are investigated. The interfacial tractions are assumed to be continuous, directly proportional to the displacement jumps and inversely proportional to the radial coordinate. The characteristic equation for the order of singularity is obtained and numerical results are given for the angle-ply bimaterial composite wedge.
INTRODUCTION
The study of singular stress fields in an anisotropic elastic wedge was initiated by Benthem [1] . Subsequent related studies of an anisotropic elastic wedge are referenced in Ma and Hour [2] and Chue and Liu [3] . Free-edge singular stresses of layered anisotropic composite wedges under extension have been studied by Wang and Choi [4] and Zwiers, et al. [5] . One of the first studies of bimaterial anisotropic elastic composite wedges with arbitrary wedge angles is the work of Delale [6] , who investigated the stress singularities of an anisotropic bimaterial wedge.
Lin and Sung [7] considered the stress singularities of a bimaterial anisotropic elastic composite wedge and provided comprehensive results for the inplane problem of aligned orthotropic composites. More recently Poonsawat, et al. [8] have considered both angle-ply and monoclinic bimaterial wedges with fully bonded and frictional interfaces. While Lin and Sung [7] and Poonsawat, et al. [8] have used the Stroh formalism in their work, Chue and co-workers [9~11] have used a Lekhnitskii formulation when considering a bimaterial anisotropic composite wedge.
In the present analysis anisotropic elastic bimaterial wedges which are not perfectly bonded at the interface and where the wedge faces are traction free, are considered. Here the interfacial tractions are assumed to be continuous, directly proportional to the displacement jumps and inversely proportional to the radial coordinate. This model of the imperfect interface is similar to that adopted by Mishuris [12~14] when considering a crack normal to the interface of two isotropic materials.
In Section 2, using the Stroh formalism, the relevant expressions for displacements and stresses for twodimensional problems are given. The stress singularity analysis of an anisotropic wedge is presented in Section 3 and the anisotropic bimaterial composite wedge with an imperfect interface is considered in Section 4. Numerical results for a fiber reinforced composite wedge are presented in Section 5.
BASIC EQUATIONS OF ANISOTROPIC ELASTIC MATERIALS
The displacement field for two-dimensional problems where all physical quantities depend only on the x 1 (1) where f (z) is an analytic function of the complex variable z = x 1 + px 2 (Stroh [15] ). It can be shown that the constant p is determined from the sextic equation
and the constants a i are determined from
where C ijkl = C jikl = C ijlk = C klij are the elastic stiffnesses and repeated Latin indices imply summation. Since Eshelby, et al. [16] 
The traction on a radial plane with a unit outward normal vector with components ≡ (-sinθ, cosθ, j n 0) can be obtained as
More details of the equations given in this section can be found in Poonsawat, et al. [8] .
SINGULAR STRESS ANALYSIS OF AN ANISOTROPIC WEDGE
Following the work of Ting and Chou [17] , let
where m α and n α are arbitrary constants so that σ ij = r -k F ij (θ), where k is the order of singularity and r is the distance from the wedge apex. The value of k can be either real or complex. To ensure that the strain energy is bounded everywhere including the region where r → 0, the order of singularity of interest is in the range 0 < Re(k) < 1. Hence, Eqs. (3), (4a), (4b) and (6) can be rewritten as
where
and the angle brackets denote diagonal matrices, i.e., Here, the unknown vectors m and n can be determined from given boundary conditions. Since the matrices A and B are not singular when p α are distinct (Eshelby, et al. [16] ), for convenience, in the formulation m and n can be replaced by B -1 m and , 
The equations corresponding to the situation when p α are not distinct were studied by Ting and Chou [17] . In Eq. (13), the impedance matrix M and its inverse are defined by
AN ANISOTROPIC BIMATERIAL WEDGE WITH AN IMPERFECT INTERFACE
The anisotropic bimaterial composite wedge which consists of two wedges with the interface along the x 1 -x 3 plane, is shown in Fig. 1 . The upper wedge occupies the domain 0 ≤ θ ≤ θ 1 , whereas the lower wedge occupies the domain -θ 2 ≤ θ ≤ 0. Superscripts or subscripts (1) and (2) are used to denote the quantities associated with the upper wedge and the lower wedge, respectively.
The traction-free boundary conditions at the wedge faces are
Making use of Eq. (17), the expressions for displacements and tractions in Eqs. (13) and (15) can be written for different regions as follows:
For the upper wedge 1, i.e., 0 ≤ θ ≤ θ 1 :
For the lower wedge 2, i.e., −θ 2 ≤ θ ≤ 0:
Fig. 1 A bimaterial anisotropic composite wedge
At the interface the tractions are assumed to be continuous, and directly proportional to the displacement jumps and also inversely proportional to the radial
where λ ij are the interfacial stiffness parameters. Substituting Eqs. (18a), (18b) and (19a), (19b) into Eq.
where Λ = [λ ij ] is the interfacial stiffness parameter matrix. Note that the condition u 2 (1) (r, 0) > u 2 (2) (r, 0) is assumed for no material overlap at the interface. Equations (22) and (23) can written in matrix form as
and g = {m 1
The order of singularity is determined by the condition that
For the contact conditions shown in Eq. (21), there are three displacement discontinuities in the x 1 -, x 2 -, x 3 -directions at the interface. For the particular case where the displacements u 2 and u 3 are continuous while there is a displacement discontinuity in the x 1 -direction only, the contact conditions can be written as, 
Let D = diag(1, 0, 0) and I be the identity matrix, then Eq. (28) can be expressed as
where Z = DΛD + I − D. Now the order of singularity k can be determined from the characteristic equation
or other displacement constraints given in Table 1 the stress singularity parameter k can also be calculated from Eq. (31). Table 1 Matrix D for all possible displacement constraints
For the general case where all displacements are discontinuous D = I. In addition the case of traction constraints t i (1) (r, 0) = t i (2) (r, 0) = 0, i = 1, 2, 3, then λ ij = 0, j = 1, 2, 3.
NUMERICAL RESULTS
For numerical calculations the angle-ply bimaterial composite wedge is considered to consist of the same graphite/epoxy fiber-reinforced material with the elastic constants 
where E i , G ij and v ij are the Young's modulus, shear modulus and Poisson's ratio, respectively (Wang and Crossman [18] ). The ply angles of adjacent layers are φ (1) and φ (2) as shown in Fig. 2 . To calculate p α from Eq. (2a) it is necessary to determine C ijkl which is related to the stiffness matrix C mn . To determine C mn , first the compliance matrix in local coordinate is calculated by inverting * mn S , and finally the stiffness matrix C mn of each layer is calculated from * mn C using a transformation formula. More details can be found in Poonsawat, et al. [8] .
The three particular geometries considered are (a) the free-edge of a laminate, (b) the 90° broken laminate, and (c) the inclined broken laminate, as shown in Fig. 3 . For the imperfect interface it is assumed that a displacement discontinuity is allowed only in the x 1 -direction while the displacements in x 2 -and x 3 -directions are continuous, hence D = diag(1, 0, 0) and the relevant components of Λ are λ 11 . For the fully bonded case and imperfect interface case the order of singularity k, where 0 < Re(k) < 1 are calculated from Eq. (31).
For all three configurations from geometrical considerations it is expected that the singularity is identical for the (φ (1) /φ (2) ) and (−φ (1) /−φ (2) ) composite wedges. In addition, since the singularity for the (90°/φ (2) ) and (−90°/φ (2) ) composite wedges are identical, the results presented in Tables 2 ~ 5 Table 2 Angle-ply bimaterial wedge: free-edge of a graphite/epoxy laminate (θ 1 = θ 2 = 90°), variation of singularity with φ (1) and φ (2) Table 3 Angle-ply bimaterial wedge: free-edge of a graphite/epoxy laminate (θ 1 = θ 2 = 90°), variation of singularity with φ (1) and φ (2) for a sliding interface For the free-edge of a laminate the wedge angles θ 1 = θ 2 = 90° (Fig. 3(a) ). The order of singularity k for the fully bonded interface (i.e., when D = 0) was obtained and agrees with the results of Zwiers, et al. [5] and Table 1 of Poonsawat, et al. [8] , where it is found that for this particular bimaterial anisotropic wedge max(k) = 0.0334 when (φ (1) /φ (2) ) = (0°/90°). For the imperfect interface when λ 11 = E 2 , the order of singularity k is given in Table 2 . Here it is seen that for different combinations of (φ (1) /φ (2) ) that either there are no roots, one real root or two real root only and that max(k) = 0.1312 when (φ (1) /φ (2) ) = (0°/0°). For the fully sliding case when λ 11 = 0, the order of singularity k is given in Table 3 , where it is seen that for different combinations of (φ (1) /φ (2) ) that either there are no roots or one real root only and that max(k) = 0.0256 when (φ (1) /φ (2) = (−45°/45°). This max(k) value is lower than that of the fully bonded case and much lower than that of the imperfect interface case. It is seen that for some combinations of (φ (1) /φ (2) ) the order of singularity of the imperfect interface case is much more severe than that of both fully bonded and fully sliding interfaces. Due to geometrical considerations for any interfacial condition, k is identical for (φ (1) /φ (2) ) and (−φ (2) /−φ (1) ) composite wedges and this feature also has been noted by Poonsawat, et al. [8] . In addition when φ (1) = φ (2) it is found that the power singularity does not occur for both fully bonded and fully sliding cases but may occur in the case of an imperfect interface.
For the 90° broken laminate the wedge angles θ 1 = 90° and θ 2 = 180° (Fig. 3(b) ). The order of singularity k for the fully bonded interface (i.e., when D = 0) was obtained and agrees with the results in Table 3 of Poonsawat, et al. [8] , where it is found that three real roots occur in the range 0 < Re(k) < 1 and max(k) = 0.4930 when (φ (1) /φ (2) ) = (0°/90°) and min(k) = 0.3962 when (φ (1) /φ (2) ) = (−90°/0°). For λ 11 = E 2 , the order of singularity is shown in Table 4 . It can be seen that in the range 0 < Re(k) < 1 three real roots of k exist and max(k) = 0.5324 when (φ (1) /φ (2) ) = (0°/75°) or (0°/90°) and min(k) = 0.4299 when (φ (1) /φ (2) ) = (−90°/0°). For the fully sliding case, i.e., when λ 11 = 0, as shown in Table 5 there are only two roots of k in the range 0 < Re(k) < 1 which can be either real or complex conjugate pairs and max(Re(k)) = 0.3912 when (φ (1) /φ (2) ) = (±60°/90°) and min(Re(k)) = 0.2687 when (φ (1) /φ (2) ) = (−90°/60°). It can be seen that the order of singularity of the imperfect interface case is more severe than the fully bonded and fu y slidi g cases.
In Fig. 4 , for (φ (1) /φ (2) ) = (0°/90°) and λ 11 ≠ 0 when θ 1 gradually increases from 0°. There are two real roots of k until θ 1 ≈ 70° and for higher values of θ 1 either there are three real roots or one real root and a complex conjugate pair of roots. When θ 1 = 180°, i.e., for an interface crack max(Re(k)) = 0.5, 0.503, 0.528, 0.745, 0.911 for λ 11 /E 2 = ∞, 10, 1, 0.1 and 0.01, respectively, and this agrees with of Ting [19] and Suo [20] for the case of a fully bonded interface. For λ 11 = 0 there are either one or two real roots of k and at θ 1 = 180°, Re(k) = 0.5. ll n For the inclined broken laminate where θ 2 = 180° (Fig. 3(c) ) the variation of k is investigated by varying the wedge angle θ 1 , for the ply angle combinations (φ (1) /φ (2) [8] . Table 4 Angle-ply bimaterial wedge: 90° broken graphite/epoxy laminate (θ 1 = 90°, θ 2 = 180°), variation of singularity with φ (1) and φ (2) for Table 5 Angle-ply bimaterial wedge: 90° broken graphite/epoxy laminate (θ 1 = 90°, θ 2 = 180°), variation of singularity with φ (1) and φ (2) for a sliding interface The behavior of the order of singularity for the (90°/0°) composite wedge shown in Fig. 7 is similar to the (0°/90°) case shown in Fig. 4 and when θ 1 = 180° the max(Re(k)) of the (90°/0°) composite wedge is identical to the (0°/90°) case. From Figs. 4 and 7 it is seen that for the (0°/90°) and (90°/0°) composite wedges that there exists one real root of k which is identical for all values of λ 11 . This identical root corresponds to the antiplane problem, because for (0°/0°) and (90°/?°) wedges the problems associated with inplane and antiplane deformations are uncoupled.
For the (30°/−60°) and (60°/−30°) composite wedges the order of singularity k is shown in Figs. 5 and 6. When θ 1 gradually increase from 0°, the behavior of the roots for the two cases are different, although when θ 1 = 180° for both wedges max(Re(k)) = 0.5, 0.503, 0.537, 0.737 and 0.906 for λ 11 /E 2 = ∞, 10, 1, 0.1 and 0.01, respectively. Here too, for the fully bonded case the results agree with Ting [19] and Suo [20] . For λ 11 = 0 there are either one real root, two real roots or a pair of complex conjugate roots and at θ 1 = 180°, Re(k) = 0.5.
